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INTRODUCTION
Large-scale structure arises from the interplay of 
gravitational forces and the expanding universe. The 
rate of expansion of the universe depends on the relative 
abundances of baryonic matter, radiation, dark matter 
and dark energy. The first three components tend to 
cluster masses, and the last component acts oppositely,
spreading the distance between two points. The 
interaction of these two opposites is imprinted in the 
geometry of the universe. Thus, if we can characterize 
the large scale structure, it may be possible to 
distinguish the underlying dynamics. The dynamics 
of the evolution of matter in the universe behaves in a 
non-linear manner. Non-linear systems often result in 
fractals. Thus, one way to understand the geometry of 
the universe is to use fractal analysis.
THE SLOAN DIGITAL SKY SURVEY
DATA PREPARATION
In order to use fractal analysis, an appropriate data set 
is necessary. To analyze the large-scale structure of 
the universe, galaxies are suitable objects to examine. 
To use fractal analysis, an appropriate data set is the 
position distribution of galaxies. The data must span a 
large enough section of the sky so as to represent the 
entire universe, and should be deep enough to provide 
insight into a wide range of distances from Earth. One 
such data set is available from the Sloan Digital Sky 
Survey (SDSS). The SDSS is a 2.5-meter telescope 
located at Apache Point Observatory in New Mexico. It 
is attempting to map every object in one-quarter of the 
northern sky. It is necessary to have 3 spatial coordinates 
to locate an object. The galaxy data downloaded from 
the SDSS included three pieces of information for each 
galaxy: the right ascension coordinate, the declination 
coordinate, and the redshift. The right ascension is the 
distance of a point measured along the equator. The 
declination is the angular distance of a point, either 
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north or south of the equator. This is illustrated in figure 
1 with a star as an example, though it works in the same 
way to describe the location of any object.
The right ascension and declination coordinates of each 
galaxy equate to the angular coordinates. These were 
converted to a pixel location using NASAs HEALPix 
technique. This pixelization technique divides a 
spherical surface into segments of equal surface area 
per pixel although the geometry of the segments is not 
the same. The centers of the equal area segments lie on 
a discrete number of rings with constant latitude. The 
process is shown in figure 2.
As the area of the segments decrease, the resolution 
increases. Beginning at the top left sphere of figure , the 
resolution increases clockwise. The HEALPix technique 
gives the angular (2D) position of an object.
With the angular position of each galaxy, the last 
necessary measure of its position is the distance from 
Earth. Distances must be computed using general 
relativity and are dependent on the make-up of the 
universe. The co-moving radial distance to each galaxy 
can be found by computing the following integral,
Figure 2: The discretization of a sphere using the HEALPix technique. The resolu-
tion increases from the top left going clockwise.
As the area of the segments decrease, the resolution increases. Beginning at the top
left sphere of figure , the resolution increases clo kwise. The HEALPix technique
gives the angular (2D) position of an object.
With the angular position of each galaxy, the last necessary measure of its position
is the distance from Earth. Distances must be computed using general relativity and
are dependent on the make-up of the universe. The co-moving radial distance to
each galaxy can be found by computing the following integral,
χ(z) =
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(1)
where c is the speed of light, Ho is the Hubble constant, ⌦m is the density of matter,
⌦λ is the density of dark energy, ! = -1 is a dimensionless number that characterizes
the equation of the state of dark energy, z is redshift from the SDSS data, and a is
the scale factor. These parameters characterize the matter and energy content of the
universe and determine the rate of expansion of the universe.
With a pixel location and distance, each galaxy was plotted in 3 dimensions.
Imagine the Earth at the center of concentric spheres; each sphere is a certain thick-
ness, each sphere is called a shell. Within each shell lay a certain number of galaxies.
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3
 = -1 is a dimensionless number that 
characteriz s the equation of the state of dark energy, z 
is redshift from the SDSS d ta, and a is the scale factor. 
These parameters characterize the matter and energy 
content of the universe and determine the rate of 
expa sion of the univer e.
With a pixel location and distance, each galaxy was 
plotted in 3 dimensions. Imagine the Earth at the center 
of concentric spheres; each sphere is a certain thickness, 
each sphere is called a shell. Within each shell lay a 
certain number of galaxies.
Each concentric shell was treated as a spherical plane 
with no thickness by assuming the galaxies within a 
shell lay on its inner surface. as displayed in figure 3.
By treating each galaxy as if it was located on the front 
surface, we eliminated the thickness of the shells. This 
sorted the galaxies according to their co-moving radial 
distance into spherical shells. Once each shell is reduced 
to a 2D planar surface, the galaxy distribution per shell 
was graphed as in figure 4. Figure 4 displays the number 
of galaxies per pixel at a HEALPix resolution of four; the 
horizontal axes indicate pixel location, and the vertical 
axis indicates the number of galaxies per pixel. This 
is the galaxy distribution for one shell. Each shell was 
analyzed at 5 resolutions.
FRACTAL AND WAVELET ANALYSIS
A fractal is an object that exhibits self-similarity. 
Examples in nature include a snowflake, and a fern 
frond. A geometric example is the Sierpinski triangle, 
shown in figure 5. Compare either of the corner triangles 
to the whole; as the scale of the triangle is decreased, 
it remains identical to the other scales. Mathematically, 
fractal behavior is suggested by a power law relation, 
which is defined as 
Each concentric shell was treated as a spherical plane with no thickness by assuming
the galaxies within a shell lay on its inner surface. as displayed in figure 3.
Figure 3: The shells in which galaxies lay. In each arc (which represents a portion
of a sphere) the galaxies were treated as if they lay on the front surface.
By treating each galaxy as if it was loc ted on the fr nt surface, we eliminated the
thickness of the shells. This sorted the galaxies according to their co-moving radial
distance into spherical shells. Once each shell is reduced to a 2D planar surface, the
galaxy distribution per shell was graphed as in figure 4. Figure 4 displays the number
of galaxies per pixel at a HEALPix resolution of four; the orizontal axes indicate
pixel location, and the vertical axis indicates the number of galaxies per pixel. This
is the galaxy distribution for one shell. Each shell was analyzed at 5 resolutions.
Fractal and Wavelet Analysis
A fractal is a object that exhibits self-similarity. Examples in nature include a
snowflake, and a fern fro d. A geometric xample is the Sierpinski triangle, shown
in figure 5.
Compare either of the corner triangles to the whole; as the scale of the triangle is
decrease , it remains identical to the other scales. Mathematically, fractal behavior
is suggested by a power law relation, which is defined as
S(f) = (f)γ, (2)
4where S is the spectrum and f is the frequency or scale. 
This applies to continuous distributions, but galaxies 
are not continuous, they are like points. Thus, for point 
processes, the normalized variance is more appropriate,
where S is the sp ctrum and f is the frequency or scale. This applies to continuous
distributions, but galaxies are not continuous, they are like points. Thus, for point
p oc sses, the normalized variance is more appropriate,
F (R) =
var(Z(R))
E(Z(R))
(3)
where R is the scale size of the box, Z(R) is the count in each box, V ar(Z) is the
variance in the number of counts per box, and <> indicate mean. However, this
measure su↵ers from bias for sequence of counts that exhibit dependence. To find
the v riance, wavelet decomposition was used instead.
Wavelets are a tool to analyze signals; they can reconstruct or decompose a signal.
The decomposition of a signal consists of a two-fold process: it is a local average
and a local di↵erence. This results in course-grained signal, and its fluctuation.
This process is shown in figure 6, where A represents the simplified signal, and D
represents the di↵erence coefficient.
Figure 6: The wavelet decomposition, where D represents the di↵erence coefficient,
and the A represents the simplified signal.
Our initial signal was the galaxy distribution. Each shell of the galaxy distribution
was decomposed at one level (producing one di↵erence signal, and one course-grained
6
where R is the scale size of the box, Z(R) is the count 
in each box, Var(Z) is the variance in the number of 
counts per box, and <> indicate mean. However, this 
measure suffers from bias for sequence of counts that 
exhibit dependence. To find the variance, wavelet 
decomposition was used instead.
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Wavelets are a tool to analyze signals; they can 
reconstruct or decompose a signal. The decomposition 
of a signal consists of a two-fold process: it is a local 
average and a local difference. This results in course-
grained signal, and its fluctuation. This process is shown 
in figure 6, where A represents the simplified signal, and 
D represents the difference coefficient.
Our initial signal was the galaxy distribution. Each 
shell of the galaxy distribution was decomposed at one 
level (producing one difference signal, and one course-
grained signal). This was done for each resolution of each 
shell, totaling 5 difference sets per shell. The difference 
coefficients represent the amount of fluctuation or 
roughness in the galaxy distribution. Because of this 
aspect, the difference coefficients were used as the 
variances in determining the fractal dimension.
The wavelet variance H(R), and a wavelet normalized 
variance are
signal). This was done for each resolution of each shell, totaling 5 di↵erence sets per
shell. The di↵erence coefficients represent the amount of fluctuation or roughness in
the galaxy distribution. Because of this aspect, the di↵erence coefficients were used
as the variances in determining the fractal dimension.
The wavelet variance H(R), and a wavelet normalized variance are
A(R) =
δ¯2
< Z >
(4)
where δ is the wavelet di↵erence coefficient. We found that the wavelet normalized
variance for a fractal has the form
A(R) = T↵ (5)
where ↵ is called the Hurst exponent. The Hurst exponent is a measure of the
long-term memory of a series. It is related to the fractal dimension through the
equation
FD = 2 ↵ (6)
where FD is the fractal dimension. H(R) and A(R) are a measure of localized
roughness of a surface. The Hurst exponent can be found by graphing the logarithm
of the scale size versus the logarithm of the di↵erence coefficients. Shown in figures
7 and 8 are the graphs used to find the Hurst exponent of two separate shells, figure
7 being an early shell , and figure 8 being a later shell; where early and later refer to
the co-moving radial distance. Thus, an early shell has a smaller co-moving radial
distance, which is equivalent to closer back in time. Conversely, a later shell has a
larger co-moving radial distance, which indicates farther back in time.
7
where 
signal). This was done for eac resolution of each shell, totaling 5 di↵erence sets per
shell. The di↵erence coefficients represent the amount of fluctuation or roughness in
the galaxy distribution. Because of this aspect, the di↵erence coefficients were used
as the variances in determining the fractal dimension.
The wavelet variance H(R), and a wavelet normalized variance are
A(R) =
δ¯2
< Z >
(4)
where δ is the wavelet di↵erence coefficient. We found that the wavelet normalized
variance for a fractal has the form
A(R) = T ↵ (5)
where ↵ is called the Hurst exp nent. The Hurst exponent is a measure of the
long-term memory of a series. It is related to the fractal dimension through the
equation
FD = 2 ↵ (6)
where FD is the fractal dimension. H(R) and A(R) are a measure of localized
roughness of a surface. The Hurst xponent can be found by graphing the logarithm
of the scale size versus the logarithm of the di↵erence coefficients. Shown in figures
7 and 8 are the raphs used to find t Hurst exponent of two separate shells, figure
7 being an e rly shell , and figure 8 being a later sh ll; where early and later refer to
t e co-mo ing radial distance. Thus, an early shell has a smaller co-moving radial
distance, which is equivalent to closer back in time. Conversely, a later shell has a
larger co-moving radial distance, which indicates farther back in time.
7
 is the wavelet difference coefficient. We found 
that the wavelet normalized variance for a fractal has the 
form
signal). This was done for each resolution f each shell, totaling 5 di↵erence sets per
shell. The di↵erence coefficients represent th mount of fluctuation or roughness in
the galaxy distribu ion. B cause of this asp ct, the di↵erence coefficients were used
as the variances in determining the fractal dime sion.
The wavelet variance H(R), and a wavelet normalized variance are
A(R) =
δ¯2
< Z >
(4)
where δ is the avelet di↵erence coefficient. We found that the wavelet normalized
variance for a fr c al has he form
A(R) = T↵ (5)
where ↵ is called the Hurst exponent. The Hurst exponent is a measure of the
long-term memory of a series. It is related to the fractal dimension through the
equation
FD = 2 ↵ (6)
where FD is the fractal dimension. H(R) and A(R) are a measure of localized
roughness of a surface. The Hurst exponent can be found by graphing the logarithm
of the scale size versus the logarithm of the di↵erence coefficients. Shown in figures
7 and 8 are the graphs used to find the Hurst exponent of two separate shells, figure
7 being an early shell , and figure 8 being a later shell; where early and later refer to
the co-moving radial distance. Thus, an early shell has a smaller co-moving radial
distance, which is equivalent to closer back in time. Conversely, a later shell has a
larger co-moving radial distance, which indicates farther back in time.
7
where is called the Hurst exponent. The Hurst exponent 
is a measure of th  long-term memory of a seri s. It 
is related to the fractal dimension through the equation
signal). his as done for each resolution f each shell, totaling 5 di↵erence sets per
shell. he di↵erence coe cients repr sent the a ount of fluctuation or roughness in
the galaxy distribution. ecause f this aspect, the di↵er nce coe cients ere used
as the variances in deter ining the f actal di ension.
he avelet variance ( ), and a avelet or aliz d variance are
( )
δ¯2
(4)
here δ is the avelet di↵ rence coe cient. e found hat the avelet nor aliz d
variance for a fractal has the for
( ) T↵ (5)
here ↵ is called the urst exponent. he urs exponent is a easure of the
long-ter e ory of a s ries. It is r lated to the fractal di nsion through the
equation
D 2 ↵ (6)
here D is t fractal di nsion. ( ) and ( ) are a easure of localized
roughness of a surface. he urst exponent can be fou d by graphing the logarith
of the scale size ver us the logarith of the d ↵erence coe cients. Sho n in figures
7 and 8 are the graphs used to find the urst exponent of t o separate shell , figur
7 being an early shell , and figur 8 being a later shell; her early and later efer to
the co- oving radial distance. hus, early shell has a s aller co- oving radial
distance, hich is equivalent to closer back in ti e. onversely, a later shell has a
larger co- ovin radial distance, hich indicates farther b ck in ti e.
7
wher  FD is the fractal dimension. H(R) and A(R) are a 
measure of l calized oughness f a surface. Th  Hurst 
xponent can be found by graphing the logarithm of 
the scale size versus the logarithm of the differ ce 
coefficients. Shown in figures 7 and 8 re the graphs 
use  to find the Hurst exponent of two separate shells, 
figure 7 being an early shell , and figure 8 being a later 
shell; where early and later refer to the co-moving radial 
distance. Thus, an early shell has a smaller co-moving 
radial distance, which is equivalent to closer back in 
time. Conversely, a later shell has a larger co-moving 
radial distance, which indicates farther back in time.
The Hurst exponent is the slope of the line, and this 
value lay between 0 <  α. <2. If  α. is an integer, it is not 
fractal because fractals by definition are non-integer 
power-law relations. Both figures above show the scale 
size versus the difference coefficient. It is arguable 
whether figure 8 is linear, which will be addressed in 
the discussion section. In figure 7 the slope of the line is 
clearly linear. All of the lines of best fit were calculated 
within 95% confidence.
RESULTS AND DISCUSSION
Each shell has a corresponding fractal dimension. 
Therefore, we graphed each fractal dimension versus 
the co-moving distance of the shell, as seen in figure 9.
It can be seen that there are three different fractal 
regions. The first is between 0-100Mpc, the second 
between 100–1,000Mpc, and the third comprises 
1,000Mpc and beyond. The thickness of the shells 
could have been altered, as coul  have been the offset 
of the shells (whether they began at 0Mpc, 5Mpc or any 
other arbitrary distance), and other regions of the sky 
could have been analyzed. To ensure the results were 
not affected by the chosen values, the two-sample 
Kolmogorov-Smirnov test was used to compare the 
distr butions between data sets. The methodology 
consisting of the chosen thickness of the shells, the 
offset of the shells, and the area of the sky that was 
xamined. The null hypothesis is that the data sets are 
from the same distribution; the opposing hypoth sis is 
that they are from diffe ent continuous distributions (the 
significance level is 5%). This is sho  in figure 10.
Figures 10 display th  fractal dimension versus distance 
for thre  different shell thicknesses. Graphically, they 
look to be from the same distribution, and this is 
confirmed by use of the hypothesis test. This procedure 
was carried out to check the thickness of the shells 
3
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(shown above), the offset of the shells, and the area 
of the sky. None of these affected the data, thus, the 
technique was proved not to skew the results.
All of the computations were carried out in Matlab. Figure 
9 indicates that at distances greater than 1,000 Mpc we 
see no fractal behavior. At distances less than 1,000 
Mpc we see a linearly evolving fractal behavior. Nearby, 
with distances close to zero, we see some evidence for 
multi-fractal. This progression of the fractal dimension 
indicates that large scale structure becomes more self-
similar at distances less than covers more area. If the 
resolution was increased in those higher shells, the 
noise would skew the results due to the limited number 
of galaxies in that regionwe are restricted by the data. 
However, the marked change near 1,000Mpc remains 
valid. The pixel areas of shells near 900Mpc and 
1,100Mpc are not vastly different, indicating the change 
in fractal dimension occurs despite this concern at much 
further distances.
In early shells (0-100Mpc), there is some evidence for 
two power laws, which may indicate a multi-fractal. 
This is suggested by figure 8 where in those early shells,
the fit is not conclusively linear. Since there are few 
points, it is difficult to claim with confidence whether the 
5 points are linear, one data point is bad, or that there 
are two power laws present. As each point on the graph 
in figure 10 represents the fractal dimension (dependent 
on the slopes as shown in figures 7 and 8), the cause 
for the larger errors on distances near zero is from the 
uncertainty in the fit of the line. Another possible cause 
of this relatively poor line of fit may be a result of the 
small area per pixel at the nearby shells.
The entire technique used in this research was tested 
using the Kolmogorov-Smirnov hypothesis test to 
establish that the results were not altered because of 
the method. There were three main components of 
the procedure that could be varied. For each of these 
components, we used the hypothesis test to validate 
our concern that the values we chose did not alter the 
final results. Ultimately we found that the same results 
abound in different areas of the sky (1), and if the 
thickness of the shells (2) or offset of the shells (3) was 
altered.
CONCLUSION
Using the HEALPix technique, we created pixelized, 
2-D spherical shells of the galaxy distribution in which 
the pixels were of equal area. This along with the wavelet 
transform allowed us to calculate the fractal dimension 
for a 2-dimensional surface.  Figures 7 and 8 illustrate 
that the galaxy distribution does indeed follow a power 
law with a fractional exponent, a clear indicator of fractal 
behavior. We further created the shells as a function of 
co-moving distance in order to probe for the evolution 
of the fractal dimension. We see three distinct regions, 
shown in figure 9. The cause of these three regions 
having different fractal behavior is yet unknown, and 
under further investigation.
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The shells in which galaxies lay. In each arc (which represents a 
portion of a sphere) the galaxies were treated as if they lay on the front 
surface.
FIGURE 3
 
The galaxy distribution of one shell at one resolution. The horizontal 
axes represent pixel location, and the vertical axis represents the 
number of galaxies per pixel.
FIGURE 4
 
The discretization of a sphere using the HEALPix technique. The 
resolution increases from the top left going clockwise.
FIGURE 2
 
The right ascension and declination coordinates.
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Illustration of the wavelet decomposition. The D represents the 
difference coefficient, and the A represents the simplified signal.
FIGURE 5
 
The wavelet decomposition, where D represents the difference 
coefficient, and the A represents the simplified signal.
FIGURE 6
 
An early shell (small co-moving radial distance). The Hurst exponent 
is the slope of this line, where the x-axis represents the scale of the 
resolution, and the y-axis represents the difference coefficient. The 
x-axis has already been calculated with a logarithm.
FIGURE 7
 
A later shell (large co-moving radial distance). The Hurst exponent 
is the slope of this line, where the x-axis represents the scale of the 
resolution, and the y-axis represents the difference coefficient. The 
x-axis has already been calculated with a logarithm.
FIGURE 8
Scale, R Scale, R
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The fractal dimension of the universe as a function of the co-moving 
radial distance.
FIGURE 9
 
The fractal dimension as a function of distance for three various 
thicknesses of the shells. The correlation looks to be similar between 
the different thicknesses, which is proved by the hypothesis test.
FIGURE 10
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